In this note we study when an invariant probability measure lifts to an invariant measure. Consider a standard Borel space X, a Borel probability measure µ on X, a Borel map T : X → X preserving µ, a compact metric space Y , a continuous map S : Y → Y , and a Borel surjection p : Y → X with p • S = T • p. We prove that if fibers of p are compact then µ lifts to an S-invariant measure on Y .
Introduction
In this note we address the following question asked by Feliks Przytycki:
Question. Let X, Y be compact metric spaces. Let T : X → X, S : Y → Y be continuous maps. Let p : Y → X be a Borel surjection with p • S = T • p. Let µ be a T -invariant Borel probability measure on X. When does µ lift to an S-invariant Borel probability measure on Y ?
The answer is affirmative under the assumption that fibers of p are finite. A special case of this (|p −1 (x)| ≤ 2 for all x ∈ X) appeared in the proof of [Prz, Corollary 10.2 ]. An obvious modification of Przytycki's argument shows that one can lift µ to an S-invariant measure ν where ν is defined by
It is also known that if p is continuous then µ lifts to an S-invariant measure ν. Note that p induces the push-forward map p * : P (Y ) → P (X) (here, P (Y ) and P (X) denote the spaces of all Borel probability measures on Y and X, respectively) which is a continuous surjection, so the preimage of µ is a non-empty compact subset K of P (Y ). Clearly, K is convex. Since µ is T -invariant and p • S = T • p, we obtain S * (K) ⊂ K. Hence by Schauder fixed-point theorem there exists ν ∈ K with ν = S * (ν). This means: ν is a lift of µ which is S-invariant.
On the other hand, it may happen that µ does not lift to an S-invariant measure even if T is the identity map and S is a homeomorphism. For instance, let X = {0, 1} and Y = Z ∪ {∞} be the one-point compactification of the countable discrete space Z. Let T = id X , S(n) = n + 1 for n ∈ Z, S(∞) = ∞, p(n) = 0 for n ∈ Z, p(∞) = 1, and µ = 1 2 δ 0 + 1 2 δ 1 . Suppose that ν is an S-invariant measure on Y . By S-invariance, ν({n}) = ν({0}) for all n ∈ Z. If ν({0}) = 0 then ν(Z) = n∈Z ν({n}) = 0 and if ν({0}) > 0 then ν(Z) = n∈Z ν({n}) = ∞. In both cases ν(Z) = 1 2 , hence µ does not lift to an S-invariant measure.
This research was partially supported by the NCN (National Science Centre, Poland) through the grant Harmonia no. 2018/30/M/ST1/00668. We give a sufficient condition for lift to exist. This generalizes both the case when the sets p −1 (x) are finite and the case when p is a continuous map. Moreover, we do not require compactness of X and continuity of T .
Theorem 1. Let X be a standard Borel space with a Borel probability measure µ and let T : X → X be a Borel map preserving µ. Let Y be a compact metric space
In a measurable setting, where we allow to dismiss sets of measure zero, we have the following analogue of Theorem 1:
Theorem 2. Let X be a standard Borel space with a Borel probability measure µ and let T :
We shall omit the proof of Theorem 2, as it is fully analogous to the proof of Theorem 1.
Preliminaries
In this section we recall some definitions and useful facts. A standard Borel space is an uncountable set X with a σ-algebra Σ of subsets of X such that there exists a Polish (i.e. separable, completely metrizable) topology τ on X whose Borel σ-algebra is Σ.
Given a compact Polish space Y we denote by K(Y ) the collection of all compact subsets of Y . The set K(Y ) can be endowed with a Vietoris topology, i.e. the topology generated by sets
For a compact Polish space Y we denote by P (Y ) the set of all Borel probability measures on Y . We endow P (Y ) with the topology of pointwise convergence on C(Y ), i.e. the topology generated by sets of the form 
Proof of Theorem 1
Proof of Theorem 1. Let σ be an arbitrary Borel measure on Y with p * (σ) = µ. For instance, by uniformization theorem [Kec, 28.8] there exists a Borel map u :
For all positive integers n define
Note that for all n p * (ν n ) = 1 n
Let ν n1 , ν n2 , ν n3 , . . . be a subsequence convergent to some ν. Such a subsequence and ν exist since P (Y ) is compact. We claim that ν is as required. It is well-known that ν is S-invariant. It remains to check that p * (ν) = µ.
Claim 1. Let A ⊂ X be a Borel set. Then p * (ν)(A) ≥ µ(A).
Proof of Claim 1. This is trivial if µ(A) = 0, so let us assume that µ(A) > 0. Fix ε > 0. Endow X with a Polish topology giving X its Borel structure.
We prove that the function X ∋ x → p −1 (x) ∈ K(Y ) is Borel. To do so, it is enough to prove that the preimage of any subbasic open set in K(Y ) is Borel.
So let U ⊂ Y be an open set and consider
The set C = graph(p) ∩ (U × X) is Borel and for all x ∈ X the section C x = {y : (y, x) ∈ C} is a countable union of compact sets, hence by [Kec, 35.46 ] the set π X (C) is Borel. Similarly, the set
is Borel since the set D = graph(p) ∩ ((Y \ U ) × X) is Borel and the sections D x are compact for all x ∈ X. Hence the preimages of subbasic open sets in K(Y ) are Borel. Hence the map p −1 is Borel.
By Lusin's Theorem there exists a nonempty compact subset K ⊂ A such that µ(K) > µ(A) − ε and the function p −1 | K : K → K(Y ) is continuous. Then the set {p −1 (x) : x ∈ K} is compact in K(Y ), as it is a continuous image of a compact set. By [Kec, 4.29] , the set p
For all positive integers m let f m : Y → [0, 1] be given by the formula f m (y) = max(0, 1 − m · dist(y, p −1 (K))).
Then the sequence f 1 , f 2 , . . . consists of continuous functions and converges to χ p −1 (K) pointwise.
Since for all m we have f m ≥ χ p −1 (K) , it follows that for all m and n Y f m dν n ≥ Y χ p −1 (K) dν n = ν n (p −1 (K)) = p * (ν n )(K) = µ(K).
Since ν n1 , ν n2 , . . . converges to ν, we have Finally, p * (ν)(A) ≥ p * (ν)(K) ≥ µ(K) > µ(A) − ε. Since ε > 0 can be chosen arbitrarily, it follows that p * (ν)(A) ≥ µ(A).
Claim 2. Let A ⊂ X be a Borel set. Then p * (ν)(A) ≤ µ(A).
Proof of Claim 2. Claim 1 for the set X \ A gives p * (ν)(X \ A) ≥ µ(X \ A). This can be rewritten as 1 − p * (ν)(A) ≥ 1 − µ(A), hence p * (ν)(A) ≤ µ(A).
Claims 1 and 2 imply that p * (ν)(A) = µ(A) for all Borel sets A ⊂ X. Therefore p * (ν) = µ.
